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Communicated by H. Bass, August 10, 1971 This note states some results concerning asymptotic enumeration of the isomorphism classes of finite modules or algebras (of various types) over a Dedekind domain D. Proofs will be published elsewhere.
1. Finite modules over a ring of algebraic integers. Firstly, let D be the ring of integers in a finite-dimensional algebraic number field K. If M is a finitely-generated torsion module over D, then standard structure theory [8] , [9] and the fact that D/P is finite for every prime ideal P implies that M is finite in cardinal Further, if ^(D) denotes the category of all such modules M and a(n) = a D (n) denotes the total number of isomorphism classes of modules of order n in #"(/)), then a(n) is finite and "multiplicative."
Now recall that, if N D (x) denotes the total number of ideals of norm at most
where X K is an explicit positive constant depending on K and n = 1 -2/(1 + [K:Q]) [13] . When D is the ring Z of rational integers, 3F{D) becomes the category se of all ordinary finite abelian groups, and the theorem was first proved for this case by Erdös and Szekeres [4] . Although it has a finite mean value, a(n) can be very large on prime powers: Consider a rational prime p, and define C = C(D, p) by C = aj
is the decomposition of (p) into prime ideals P t in D, and P t has norm p ai .
When D = Z, this theorem follows from the Hardy-Ramanujan asymptotic formula for the partition function p(n). In general, Theorems 1.3, 2.3, and 2.4 below depend on results of Brigham [3] , Ingham [7] , and Auluck and Haselgrove [1] , which are also basically founded on work of Hardy and Ramanujan [5] . 
For finite F, see [10] , [11] .
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3. Finite algebras over a principal ideal domain. In this section, D denotes an arbitrary principal ideal domain with a prime ideal P such that DjP is finite. For example, D may be a special ring of algebraic integers or a special ring of integral functions of one variable over a finite field. If D/P ^ GF(q\ and M is a finitely-generated torsion module over D such that the order ideal of each element is some power of P, then M is finite with q n elements, for some n. If M is the underlying D-module of a Dalgebra A, we shall call A a P-primary algebra.
Let A(n), AJji) and A L {n) denote the total number of isomorphism classes of P-primary algebras of cardinal cf that are respectively associative, commutative and associative, or Lie algebras. Let N(n\ N c (n) and N L (n) denote the corresponding numbers for nilpotent algebras of these respective types.
The proofs of these results follow a pattern of Higman's for finite p-groups [6] , and make use of the Frattini subalgebra. In fact, the lower bounds are obtainable when D is a general Dedekind domain (with D/P finite) and it seems reasonable to conjecture that they provide correct asymptotic estimates even for such a general Dedekind domain. [10] to finite nilpotent P-primary D-algebras and to finite P-primary bimodules over nilpotent associative D-algebras will appear shortly in a joint paper by the author and G. E. Burger.
